While its classical model is relatively simple, friction actually depends on both the interface properties of interacting surfaces and on the dynamics of the system containing them. At a microscopic level, the true contact area changes as the surfaces move relative to each other. Thus at a macroscopic level, total friction and normal forces are time-dependent phenomena. This paper introduces a more detailed friction model, one that explicitly considers deformation of and adhesion between surface asperities. Using probabilistic surface models for two nominally flat surfaces, the stick-slip model sums adhesive and deformative forces over all asperities. Two features distinguish this approach from more traditional analyses: ͑i͒ Roughness distributions of the two interacting surfaces are considered to be independent, ͑ii͒ Intersurface contacts occur at both asperity peaks, as in previous models, and on their slopes. Slope contacts, in particular, are important because these oblique interactions produce motion normal to the plane of sliding. Building the model begins by analyzing local friction forces as composites of resistance to elastic deformation and shear resistance arising from adhesion between asperity surfaces. By extending the expressions obtained for normal and tangential friction forces over the macroscopic surfaces, the model then describes the stick-slip behavior frequently observed in dynamic systems and permits simulating a rigid body on a moving platform. Numerical results for several surface and system parameters illustrate both time-dependent and time-averaged frictional forces. These analyses also show that, although total averaged friction remains constant with respect to sliding velocity for the cases considered, the relatively small deformation component exhibits resonancelike behavior at certain speeds. Stick-slip occurs only within a narrow range around these critical speeds of a system. External damping can prevent stick-slip motion, and both deformative and adhesive frictional forces must be present for it to occur at all.
INTRODUCTION
In modeling friction-induced vibration and noise problems, friction force is often treated phenomenologically, as a function of relative velocity between surfaces. These functional relationships mostly originate from measured values of coefficient of friction on test devices. Friction values obtained from such measurements are normally averaged over time and surface areas on which they are measured.
Traditionally, functional relationships between friction force and velocity are confined only to the direction of sliding, neglecting any contribution of normal components of contact forces during sliding. In reality, sliding between, even nominally flat, surfaces also develops a time-dependent normal force component and, therefore, a response in a direction normal to sliding. The forces developed in the normal direction, combined with the continuous change of true contact area during sliding, make friction force to depend also on system dynamics. Such interaction between friction and the response of the system within which it exists can not be modeled through the traditional use of coefficient of friction.
Friction and normal forces develop at the true contact areas between surfaces. Between two nominally flat surfaces, true contact takes place among the asperities. Each asperity adheres and deforms as it slides over another. The direction and magnitude of the deformation and adhesion forces at each contact change during sliding. Thus the topography of the surfaces and the dynamic response of the system together determine the distribution of the contact positions and direction of the forces at each contact. Modeling of friction within a dynamic system thus involves solving coupled equations that describe the system dynamic response and the distribution of contact forces during sliding. Such a combination relates microscopic-scale contact processes to the macroscopic-scale system response.
Many physical and chemical processes contribute to friction. They take place primarily at or near the true contact areas on the sliding surfaces. The vector sum of resistive forces at the contact areas constitutes the friction force. Although a detailed description of all the processes that contribute to friction is beyond the scope of this paper and the current state of the art, it is possible to describe some components of friction and relate them to dynamic behavior of the system in which they exist. We present a model that includes two such dynamic processes that contribute to friction: elastic deformation of asperities and adhesion between them.
Many of the previous models of contact between nomi-nally flat surfaces utilize the assumption that contact between two rough surfaces can be described by contact between a rough surface and a smooth one. [1] [2] [3] [4] [5] [6] This assumption dictates that contacts may occur only at surface peaks with contact areas parallel to the mean plane of the surface. In reality, however, contacts between rough surfaces also occur obliquely. In particular, for surfaces with uncorrelated surface asperity distributions, the probability for contacts to occur at asperity peaks is very small.
Oblique contacts couple sliding motion to normal motion. The slope at an oblique contact partitions the contact forces to their components in the direction of sliding and normal to it. As the contact position between two asperities moves, its slope also changes, altering the direction of the contact forces and their projections onto friction and normal forces. Thus as a result of oblique contacts between asperities, sliding motion between two surfaces can also generate oscillations in the normal direction.
The kinematic relationship between friction, F t , and normal, F n , forces and the contact area projections resulting from oblique contacts was previously developed by the authors for generalized contact forces in two dimensions,
Sums of the tangential components of all local deformation forces, F t , and adhesion forces, R t , over the interface constitute the total friction force. Similarly, the corresponding normal components, F n and R n , make up the normal contact force at the interface. The sign convention regarding their directions is shown in Fig. 1 .
The model in this paper, based on Eq. ͑1͒, relates the time-dependent contact area projections, A n (t), A t (t), to the motion of the dynamic system through a set of differential equations ͑Sec. I͒. The model also expresses contact forces in Eq. ͑1͒, F due to deformation and R due to adhesion, in terms of contact area projections ͑Sec. II͒. Simultaneous solution of differential equations for the contact areas and for the motion of the bodies then yield both friction F t and normal F n forces as well as the response of the system to friction ͑Sec. III͒.
I. DYNAMICS OF CONTACT AREAS
True contact areas change as a result of both relative motion of surfaces and deformation of asperities during this motion. For example, time-rate of deformation, ␦ , of material point and area, a, at each contact depend on the relative motion of two surfaces through a kinematic relationship, 7 Ϫḣ a n i ϩṡ a t i ϭ␦ t i a t i ϩ␦ n i a n i , iϭ1,...,k, ͑3͒ Ϫḣ a n j Ϫṡ a t j ϭ␦ t j a t j ϩ␦ n j a n j , jϭ1,...,l, where indices i and j indicate resisting and assisting contacts, respectively, and subscripts t and n refer to components in tangential and normal directions to the mean plane. ͑The forces that result from elastic deformation of asperities either assist or resist the relative tangential motion, depending on the slope of the contact area relative to the direction of motion. Resisting contacts have a tangential component that opposes relative motion. Assisting contacts possess tangential components in the same direction as the relative motion.
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͒ The relative velocity of the surfaces has components ḣ in normal direction and ṡ in tangential direction, as indicated in Fig. 2 . Normal contact and tangential contact areas, a n and a t , refer to local contact area projections that are parallel and perpendicular to the mean planes of the surfaces, respectively, as illustrated in Fig. 1 .
The total numbers of resisting and assisting contacts, k and l, in Eqs. ͑3͒, can be approximated using the results of the Greenwood and Williamson ͑1967͒ model for random surfaces,
where ␥ is a constant and superscripts ͑r,a͒ denote resisting and assisting asperities.
Deformation velocities ␦ n and ␦ t in Eq. ͑3͒ can also be expressed in terms of contact areas through contact deforma- tion models. In elastic contact problems involving rough surfaces, Hertz contact theory is used commonly with the assumption that asperities are spherical and contact is elastic; 9 the contact area, a, between two spherical objects of radius 1 and 2 , is expressed as
where 1/ϭ1/ 1 ϩ1/ 2 and ␦ is the maximum value of deformation. Differentiating Eq. ͑5͒ with respect to time and substituting its normal and tangential components into Eqs. ͑3͒ yields a direct relationship between local contact areas and relative velocities. Summing the resulting equations over the total numbers ͑k and l͒ of resisting and assisting local contact areas, respectively, leads to expressions describing the dynamic relationship between the total contact areas and the normal and sliding velocities,
where A is the total contact area summed over all asperities on one of the surfaces S 1 . ͑The combined radius now represents the combination of the average asperity radii on surface S 1 : 1 ϭ͓1/(kϩl)͔͚ iϭ1 kϩl 1 i .͒ Further simplification of Eq. ͑6͒ may be made by expressing A t in terms of A n through space-averaged ͑but timedependent͒ slope of contact areas. Such a relationship between the sums of the normal and tangential projections of contact areas may be obtained by approximating deformation velocity ␦ at each contact by a uniform velocity distribution.
This approximation, also used in the development of Eq. ͑3͒, implies that the local contact areas are plane surfaces and the contact slope Z Јϭ‫ץ‬Z/‫ץ‬ 1 (ϭi, j) is constant throughout a given ͑local͒ contact surface. With these assumptions the tangential components of the contact areas can be expressed in terms of the normal components,
where the slopes of contact areas are with respect to the direction of motion. Summing expressions in Eq. ͑7͒ over the interface gives the following relationships between summations of tangential and normal contact areas:
The average resisting and assisting contact slopes, ͗Z ϩ Ј ͘ and ͗Z Ϫ Ј ͘, in Eqs. ͑8͒ are the expected values of the positive and negative contact slopes and they can be calculated for given probability densities of the asperity slopes.
Finally, substituting the approximate relationships given by Eqs. ͑4͒ into Eqs. ͑6͒ yields two ordinary differential equations for the total resisting and assisting normal contact areas in terms of relative velocities between the surfaces,
where ␣ϭ1/␥ and ͗ZЈ͘ϭ͗Z ϩ Ј ͘ϭϪ͗Z Ϫ Ј ͘ for a random distribution of surface roughness. The solutions of Eq. ͑9͒ for resisting and assisting contacts are combined to give the projections of total contact area required for the friction force in Eq. ͑1͒,
The tangential component of the total contact area, A t , on the other hand, is defined as the difference between resisting and assisting contacts. ͑Considering only the resisting contacts overestimates the friction force because the presence of assisting contacts offsets some of the resistance.͒
Equations ͑8͒ and ͑11͒ lead to an expression that relates the tangential component A t to the normal component obtained from Eqs. ͑9͒,
Although the expression in this section are derived for surface S 1 , similar ones can be written for S 2 .
In addition to A t from Eq. ͑12͒ and A n from the solution of Eqs. ͑9͒, calculation of friction force in Eq. ͑1͒ requires expressions for the contact force components F n , R n , and R t . In the next section expressions are developed for deformation and adhesion forces at each contact and related to the sum of true contact areas A.
II. CONTACT AND FRICTION FORCES
Because of the cause-and-effect relationship between elastic deformation forces and contact areas, deformation force at each asperity contact can be expressed in terms of the resulting contact area. Similarly, because adhesion forces depend independently on both the normal pressure, or the deformation force, and the contact area, they also can be expressed in terms of contact areas.
A. Deformation forces
In cases such as metals, where the local tangential adhesive force r is typically smaller than the normal force f by an order of magnitude or more, 8 its contribution to elastic deformation of an asperity may be neglected to simplify the calculations. Thus only the local normal contact forces, f, cause elastic deformation and they are obtained using Hertz contact theory with the assumption that asperity tips are spherical. 1, 3, 9 The physics of the contact problem treated here also requires consideration of energy dissipation from the contact area during deformation. Because use of complex elasticity modulus in nonlinear transient problems leads to physically unrealizable results, 10 energy dissipation during elastic deformation is modeled here as proportional to the deformation rate of an asperity. Such a consideration is equivalent to the loss of deformation energy by means of propagation of elastic waves into the bulk of the contacting bodies, i.e., radiation loss away from contact areas. Hence, the sum of the Hertz contact force and a dissipation force that depends on the rate of deformation constitutes the elastic deformation force fϭK a
The constant K is defined as
where is the loss factor of the material and is composite asperity radius as defined before. E is the composite modulus of elasticity related to the moduli of the two materials and their Poisson's ratios 1 and 2 ,
Recalling that the contact surfaces are assumed to be planar, such that a 2 ϭa t 2 ϩa n 2 and a t /a n ϭZЈ, the rate of deformation of a material at a contact surface can be expressed as
. ͑16͒
After substituting Eqs. ͑15͒ and ͑16͒ into Eq. ͑13͒, the sum of the normal components of the deformation contact forces at the interface can be expressed as
where
is the mean-square value of either the positive or the negative contact slopes. For asperity profiles such that a t /a n Ͻ1(ZЈ 2 Ӷ1), the series of even moments in Eq. ͑17͒ can be truncated after the first term.
B. Adhesive contact forces
The local adhesive forces are considered here to be similar to the rheological shear resistance of the third phase that forms between the contact surfaces of two materials. Following Kragelsky et al., 8 the local adhesive contact force, r, is expressed with a binomial expression, as a combination of two shear terms rϭaϩ␤f, ͑18͒
where the constants and ␤ are determined empirically. ͑The signs of and ␤ depend on the relative velocity at the interface and are negative for positive relative velocity.͒ The adhesion force r in Eq. ͑18͒ is in the tangential direction to the local contact surface. Its first part is independent of normal contact force, whereas the second part is proportional to the contact pressure and contact area: fϭ͐qda. By separating Eq. ͑18͒ into its normal and tangential components with respect to the mean planes and summing over all resisting and assisting contact areas, the normal and tangential components of the total adhesive contact force can be expressed in terms of sums of contact area projections, R n ϭϪA t Ϫ␤F t , R t ϭA n ϩ␤F n . ͑19͒
R n and R t are uncoupled because of the orthogonality of the local elastic deformation and adhesion forces. In cases where, for example, the influence of adhesive forces on elastic deformation is not negligible, R n and R t will be coupled. The negative signs in the first of Eqs. ͑19͒ are a consequence of the convention of directions shown in Fig. 1 .
C. Friction and normal force
Friction force, defined here as the force that resists sliding motion, is obtained by summing the tangential forces at the interface. Similarly, the normal force is the sum of all the forces in a direction normal to the interface. Expressions for friction force and normal force are obtained by substituting Eqs. ͑19͒ into Eqs. ͑1͒ and ͑2͒. The results explicitly show the relationships of the friction and normal forces to deformation and adhesive forces and to the normal and tangential projections of the contact areas,
where, F n , sum of the normal components of deformation forces, is given by Eq. ͑17͒. Thus Eqs. ͑20͒, together with Eq. ͑17͒, define the friction force, and the resulting normal force, in terms of contact areas and even-movements of the contact slope distribution.
F n , A n , and A t are based on statistical distributions of the slopes of asperities as described, earlier; and ␤ are experimentally determined constants. Both F t (t) and F n (t) are time dependent because of the changes in F n , A n , and A t due to relative motion. Thus true friction force is obtained in conjunction with the dynamic response of the system within which it exists, as shown in the next section.
III. FRICTION FORCE AND SYSTEM RESPONSE
An example of the interaction of friction force with system dynamics is demonstrated with a simple, idealized dynamic system: a rigid block ͑with deformable surface asperities͒ connected to a linear spring and a viscous damping element, is subject to frictional force at its interface with a flat platform that moves at a constant speed, as depicted in Fig. 3 . The rigid block is free to move both in normal and tangential directions with respect to the platform but without rotation. Both the block and the platform are assumed to have nominally flat surfaces, each with a random asperity height distribution statistically independent of the other.
The equations of motion of the dynamic system are written in terms of the coordinates x and y which also describe its displacements in tangential and normal directions with respect to the moving platform,
Parameters M, C, and K describe the mass, viscous damping, and the stiffness, respectively. The differential Eqs. ͑9͒ for the contact areas are rewritten by substituting for ḣ ϭẏ and ṡ ϭẋ Ϫv, where, v is the speed of the platform,
Numerical solutions of Eqs. ͑21͒ and ͑22͒ are obtained using expressions for friction and normal forces in Eq. ͑20͒ and for the contact areas in Eqs. ͑10͒ and ͑12͒. The mean value of the contact slopes, ͗ZЈ͘, and its relation to separation, h, between the surfaces are obtained from the description of surface roughnesses for the rigid body and the platform as shown in the next section.
A. Surface model
Calculating contact areas in Eq. ͑22͒, and normal contact force F n in Eq. ͑17͒, requires mean value of contact slopes and their even moments for each surface. Randomly varying, uncorrelated continuous functions Z 1 Ј and Z 2 Ј , each with a Gaussian distribution, represent the slopes of asperities on each surface as a function of their separation, h. Because the subset of slopes at the contact areas is also Gaussian, the mean value of the positive contact slopes can be found using Z 1 Ј and Z 2 Ј . Then, for slopes ranging between zero and some maximum contact slope, Z max Ј ,
where is the standard deviation. The even moments of the slopes are
͑24͒
where the value of the upper limit Z max Ј changes with interference between the surfaces. These expressions are the same for both surfaces, but with different values of Z max Ј for each.
The integral in Eq. ͑23͒ can be evaluated in closed form to give ͗ZЈ͘ϭ ͱ2 ͑ 1Ϫe
The second and higher moments about origin have negligible effects on the normal force.
The mean value of contact slopes, ͗ZЈ͘, relates to separation h through the maximum contact slope Z max Ј in expression ͑25͒ which varies with separation during sliding. When separation is large, contacts occur closer to asperity tips. At the maximum value of separation, contact area is parallel to the mean plane. For smaller values of separation, contacts are oblique and contact slopes are larger. Accordingly, the mean value of the contact slopes is also a function of separation between the surfaces.
In cases where the relationship between the maximum contact slope and separation can be expressed explicitly, e.g., for spherically shaped asperities, it is possible to evaluate ͗ZЈ͘ in Eq. ͑25͒. For spherical asperities, the maximum contact slope occurs on the tallest asperities of the surfaces. The asperities located farthest from the mean planes on each surface define the maximum value of the separation, h max ͑or the minimum value of geometric approach͒ between the two surfaces. With these considerations, a relationship can be defined for separation h in terms of average asperity size on each surface. Using the geometric relationship for such a contact condition as illustrated in Fig. 4 , separation between surfaces is expressed as
where 1 and 2 represent the average asperity radii for surfaces S 1 and S 2 , respectively, Z 1 max and Z 2 max are the maximum values of the functions describing the surface profiles, and is the contact slope as defined in Fig. 4 . At the maximum value of h, by definition, the corresponding maximum contact slope is zero, ϭ0. For small values of ,Хtan ϭZ max Ј . Thus the maximum contact slope can be expressed in terms of separation,
By replacing Z max Ј in Eq. ͑25͒ with Eq. ͑27͒, the expected value ͗ZЈ͘ of contact slopes can be expressed in terms of separation of the surfaces. The model is now complete and can be solved numerically to investigate the interaction of friction and the dynamic response of the system that contains it.
B. Computations
Dynamic response of the system and the friction force that excites it mutually depend on each other through contact area changes as shown in Eqs. ͑21͒ and ͑22͒. In the following sections, equations describing the system response and the corresponding friction and normal forces are solved for the cases listed in Table I . The values given in Table I are for steel-copper pairs for which empirical values of the parameters and ␤ are available. 8 Surface properties used in the examples reported below come from published surface data; 1 asperity tip radii have a Gaussian distribution with a mean radius of 60 m and the maximum asperity heights reach 3-4 m, typical for ground mild steel. 1 Maximum value of average slope is determined by setting Z max Ј in Eq. ͑27͒ to 3.
By numerically integrating the expressions in ͑21͒ and ͑22͒, first, the time-averaged friction force is examined as a function of platform speed. Then, the time-dependent friction force is analyzed along with the corresponding response of the dynamic system. In both cases, friction force is normalized with respect to normal contact force.
Because of the asymptotic nature of ͗ZЈ͘ in Eq. ͑25͒, to circumvent computational difficulties, in all the computations reported here contact slope is taken to be zero when relative approach reduces to less than 0.001 m.
C. Averaged normalized friction force
Time averaging the ratio of the instantaneous values of friction and normal forces gives , the time-averaged normalized friction force,
Because adhesion depends on the deformation force, is a complex combination of the similarly time-averaged normalized deformation ( D ) and adhesion ( A ) components. reduces to D when constants and ␤ are zero. ͑Use of the term coefficient of friction is avoided because of its diverse connotations and different definitions in the literature.͒ An examination of the averaged normalized friction force, , in Fig. 5 shows that, for cases 3 and 6 in Table I , a negligibly small part of results from elastic deformation, leaving adhesion as the dominant source of friction. This is not an unexpected result since the effects of resisting and assisting contacts largely offset each other.
Numerical results show that with respect to platform speed is nearly constant, whereas D shows significant variation as a function of platform speed. In particular, at some platform speeds, the deformation component D shows resonancelike peaks. The platform speeds, at which resonancelike peaks occur, increase with tangential natural frequency, f 0 , of the dynamic system. This dependence is illustrated in Fig. 6 with plots of D corresponding to f 0 ϭ10, 3.16, and 100 Hz of the system ͑cases 3, 4, and 5 in Table I͒ ; the speeds corresponding to the peak values of D are tabulated in Table II. Asperity slope distributions also influence the velocities at which the peak values of D occur. For example, for smoother surfaces which have higher standard deviations, as indicated by Eq. ͑25͒, peak values of D occur at higher platform velocities; Fig. 7 . The parameters used in Fig. 7 and the results tabulated in Table III correspond to cases 1-3 in Table I . The composite modulus of elasticity of the materials does not have a detectable influence on the variation of D or on the resonancelike peaks at lower platform speeds. However, it has some influence at higher platform speeds.
D. Instantaneous friction and stick-slip oscillations
Stick-slip oscillations of the system occur at platform speeds within a narrow band of the peak values of D shown in Fig. 6 . Oscillations at platform speeds corresponding to different peaks have significantly different spectra. Oscillations at platform speeds outside of these bands are sustained, but without stick-slip.
Phase planes and spectra of the motion of the block and the corresponding instantaneous friction force, given in Figs. 8-14, help explain stick-slip oscillations and their relationship with the resonancelike peaks of D . The instantaneous normalized friction force, plotted in Figs. 8-14 , is defined as (t)ϭF t (t)/F n (t). Figure 8 demonstrates an example ͑case 6; ϭ0.1͒ for which the platform speed ͑2.7 mm/s͒ is away from the speed bands that lead to peaks. By comparison with the corresponding case given in Fig. 9, Fig. 8 shows a smaller amplitude of oscillations that are not repetitive ͑transient parts of the solutions are excluded in all the results͒. Also, the tangential velocity in its phase plane never reaches the velocity of the platform and, thus, does not achieve ''stick'' condition; the relative velocity is always larger than zero. In the same figure, friction force varies through many cycles of oscillations of the dynamic system and exhibits multiple values for a given relative tangential velocity. The spectrum corresponding to the response velocity of the block exhibits several harmonics and side bands, indicative of nonlinearities.
At platform speeds, 3.6, 1.8, and 1.2 mm/s, corresponding to the peak values of D shown in Fig. 6 , response of the same system as in Fig. 8 ͑case 6 ; ϭ0.1͒ exhibits higher amplitudes that are periodic. At these speeds both the friction force and response of the mass show that the oscillator reaches the platform speed, achieving the condition of ''stick;'' Figs. 9-11. In terms of phase-plane diagrams, system response shows a doubling and tripling of its period as the platform speed is decreased from 3.6 mm/s to the lower speeds 1.8 and 1.2 mm/s, respectively. The corresponding changes also manifest themselves in the spectrum for each case as additional harmonics and one-half subharmonic. In all cases, friction-relative velocity trajectory follows a differ- ent path when it moves in the direction of the platform than against it. A similar, but not easily observed, result relates to the total period of oscillation of the block as shown in the phaseplane plots ͑and the corresponding frequency spectra͒. For example, in Fig. 9 ͑top͒ the phase plane appears to have a single path where, in reality, it consists of two paths that are very close to each other. Evidence of this is seen in the middle figure where friction force follows two separate paths. This slight variation every other cycle is seen in the tangential velocity spectrum of the mass as a half-frequency subharmonic of the fundamental frequency corresponding to the single loop observed in the phase plot in Fig. 9 .
The apparent self-intersection of the trajectories in the phase planes in Figs. 9 through 14 results from the projection of the multidimensional phase-space trajectory onto the tangential velocity-displacement plane of the block; the actual six-dimensional phase-space trajectory of the system does not self-intersect.
The stick-slip behavior of the dynamic system presented here is very much reminiscent of the response of a friction-excited system even when the friction force-velocity relationship is predefined.
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IV. STICK-SLIP OSCILLATIONS: DISCUSSION
A. Periodicity and nonlinearity
The assumption that the spatial distribution of contact slopes at a given time is a stationary random function implies that the average contact slope, ͗ZЈ͘, is independent of the tangential position of the mass with respect to the platform.
On the other hand, the average contact slope, ͗ZЈ͘, depends on the the separation between the mean planes, as described in Eqs. ͑25͒ and ͑27͒. As a result, the average contact slope, ͗ZЈ͘, remains independent with respect to tangential position of the mass but changes periodically with its normal motion. Thus the influence of asperities on the motion of the system is nearly periodic, albeit nonlinear.
The periodic nature of the average contact slope ͗ZЈ͘ leads to nearly periodic solutions of the differential Eq. ͑9͒ for A n r and A n a . Hence, in accordance with Eqs. ͑10͒, ͑12͒, and ͑20͒, the resulting net normal and tangential forces are also nearly periodic, causing nearly periodic motion of the block both in normal and tangential directions. Both the normal and tangential components of the contact force exhibit the same fundamental frequency even though they may have different overall spectra. In cases of nonstationary contact slope distributions, however, average contact slope changes from one cycle to the next as the block and the platform slide against each other.
B. Critical speeds and fundamental frequency
Stick-slip oscillations, and the corresponding peak values of D , occur when the tangential natural frequency, f 0 , of the system coincides with the fundamental frequency, f f , of the friction force or one of its harmonics. The fundamental frequency of the friction force approximately relates to the platform speed as
where is the wavelength corresponding to the relative tangential displacement of the block during a cycle of its combined normal and tangential oscillation. The platform speeds at which integer multiples of f f equal f 0 , i.e., n f f ϭ f 0 , are referred to as the critical speeds, vϭv c n .
The fundamental critical speed, v c 1 , is the highest platform speed at which stick-slip occurs and the fundamental frequency of the friction force equals the natural frequency f f ϭ f 0 . At a lower critical speed, roughly described as v c 1 /n, the harmonic multiple of f f becomes equal to the natural frequency; n f f ϭ f 0 ; Figs. 9-14.
The wavelength represents the average distance between resisting and assisting contacts. Its value can be obtained using the average slope of contacts, ͗ZЈ͘, and the normal displacement, or approach ⌬h, during the oscillations,
where ͗ZЈ͘ is given by Eqs. ͑25͒ and ͑27͒ and ⌬h max is the maximum relative approach during the motion of the block.
Both ⌬h max and ͗ZЈ͘ depend on surface roughness as well as system response through the solutions to differential equations Eqs. ͑21͒ and ͑22͒.
Values of , plotted in Fig. 15 as a function of maximum relative approach, can be used to predict v c n . For example, for ϭ0.1, a relative approach of 0.3 m ͑the maximum relative approach considered in this paper͒, indicates a wavelength of /2ϭ0.175 mm. For a system with a natural tan- gential frequency of 10 Hz, Eq. ͑28͒ indicates the fundamental critical speed to be 3.5 mm/s. The corresponding result from numerical simulations is 3.6 mm/s.
At vϭv c 1 , oscillations exhibit a single loop. At the lower values of v c n , integer multiples of the fundamental period of oscillations appear, as described by the increased number of loops in the phase planes and corresponding subharmonics in the spectra. For example, the period is doubled at v c 2 , tripled at v c 3 , and so on. Although only a limited number of such platform speeds are revealed in these results ͑Tables II and III͒, there may be an infinite number of them for each combination of surface roughness and tangential natural frequency.
In accordance with Eq. ͑28͒, critical speeds at which stick-slip occurs ͑and D reaches its peak values͒ shift to higher values with increasing tangential natural frequency of the dynamic system. However, their values decrease with an increase in surface roughness, i.e., increased expected value of slopes. Further, values of the critical speeds are not affected by the changes in the tangential damping of the dynamic system or by the adhesive forces at the interface.
External damping inhibits stick-slip response of the system. Suppression of stick-slip by a small amount of damping is more acute for systems with higher tangential natural frequency or lower mean values of contact slopes.
Development of stick-slip also requires presence of both the deformation and adhesion forces. Without adhesion, direction of the deformation component of time-dependent friction force fluctuates, crossing zero-velocity state without reaching the condition of stick. Adhesion assures existence of the sticking condition when the relative velocity reaches zero, for at that moment the adhesive force changes direction and maintains, even for a short moment, zero relative velocity. In the absence of adhesion, deformation force can switch direction without sticking. On the other hand, adhesion, without the deformation forces, causes only static displacement of the block, without oscillations.
C. Stick-Slip bands
Numerical results indicate that around each critical speed there is a band of platform speeds within which stickslip motion occurs, provided the external damping is sufficiently small. Outside of these stick-slip bands, stick-slip motion may not develop, regardless of the amount of damping. The widths of the bands differ at each critical speed: they appear to be the narrowest at the highest critical speeds and become wider at lower speeds. At very low speeds, however, the bandwidths increase again. The apparent dependence of stick-slip bandwidth on the critical speed could not be generalized with the limited number of results obtained here.
In some cases, stick-slip band is so narrow that external damping must be nearly zero for stick-slip motion to exist. In such cases, stick-slip response may not be sustained, but develops intermittently. Such stick-slip conditions are considered here to be ''unstable,'' unlike the ''stable'' conditions that lead to sustained stick-slip motion.
When stick-slip oscillations are stable, system response settles to one stable limit cycle following an initial transient state. In cases of unstable stick-slip conditions, system response moves between two concentric, unstable limit cycles. Stick-slip takes place when the phase-plane trajectory follows the outer limit cycle. Following several stick-slip periods on or near the outer limit cycle, system response slowly diminishes and the phase-plane trajectory moves to the inner limit cycle. The inner limit cycle is also unstable; system response starts to grow until it reaches the outer limit cycle and stick-slip begins again. Figure 12 illustrates an unstable stick-slip response where the poor resolution of the velocity spectra results from the very short duration of stick and slip at the outer limit cycle.
D. Effects of surface roughness
Numerical results show that some critical speeds do not coincide with exact integer divisors of the fundamental critical speed. This is an indication of the existence of a modest nonperiodicity in the motion. Such behavior becomes more obvious when the distribution of contact slopes is nonstationary.
In cases of nonstationary contact slope distribution, the average contact slope, ͗ZЈ͘, becomes nonperiodic. The effect of nonstationarity of contact slopes on friction and system response is investigated numerically by randomly changing the variance of contact slope during oscillations. Results for which variance of slope distribution changes within 5% and 25% of its nominal value are plotted in Fig. 16 . When compared with the corresponding stationary case, 5% variance in ͗ZЈ͘ has only minor effects on the value of critical speeds, while more significant changes develop with a 25% variance; Fig. 16 . Further, the stick-slip oscillations could still be observed when the change in random variance is confined to within 5%, while it was not possible to obtain any stick-slip with variance changes within 25% as the surface roughness becomes less stationary.
In the numerical cases treated in this paper, resonancelike peaks of D occur at and below the fundamental critical velocity v c 1 . As illustrated in Fig. 6, beyond v c 1 , D does not depend on the tangential natural frequency of the system, and smoothly wanes with increasing platform speed. At such high speeds compared with v c 1 , separation between surfaces remains large and approaches its maximum value, for there is not sufficient time for the surfaces to completely approach each other and fully undergo the effects of surface roughness. Near the speeds where D vanishes, computations become unstable and the current model is no longer applicable. For example, in the case of ϭ0.1 in Fig. 7 , the D vanishes around a platform speed of 285 mm/s, whereas, for ϭ0.2 and ϭ0.3, it vanishes at platform speeds 550 and 800 mm/s, respectively. The numerical instability beyond the limiting platform speeds is ascribed to contact loss at the interface.
V. SUMMARY AND CONCLUDING REMARKS
The model developed in this paper demonstrates that friction depends on both the interface properties of the surfaces and on the dynamic response of the system that embodies them. The model relates macro-scale friction force to micro-scale forces developed at the true contact areas between surfaces. Expressing the contact forces in terms of contact areas and summing them statistically establishes this relationship. This study also considers contacts at the slopes of asperities, producing normal forces resulting from tangential relative motion of surfaces that sets this model apart from the previous ones.
A simplified mathematical model of a dynamic system is used to demonstrate the frequently observed stick-slip behavior in dynamic systems. An important result found in the cases considered above points to the significance of the deformation component of the friction force even if it is dominated by the adhesive component. Although the average friction force is essentially constant with respect to the mean sliding velocity of a friction platform, the deformation component of friction force shows a resonancelike behavior, reaching peak values at certain critical speeds. Numerical results show that stick-slip occurs only at and within a narrow band of each critical speed of the platform, defined here as the stick-slip bands of the critical speeds. The widths of the stick-slip bands are observed to depend on the critical speed. It is notable that at the fundamental critical speed of the platform, the system response is periodic, and at the progressively lower values of critical speeds, system response exhibits multiplicity of periods, such as doubling at the next lower speed, tripling at the following, and so on.
Stick-slip vibrations occur only in the presence of both deformation and adhesion components of frictional forces.
An increase in surface roughness increases the strength of stick-slip motion, making it possible to develop even in the presence of large damping. On the other hand, changes in the magnitude of adhesive forces do not affect development of stick-slip as long as adhesive force magnitudes are above a certain threshold. This threshold roughly corresponds to the magnitude of the deformation forces.
The existence of stick-slip is also related to the stationarity of the contact slope distribution. For a stationary contact slope distribution, the average contact slope is a periodic function of separation, and stick-slip can be generated at certain sliding velocities. On the other hand, nonstationary contact slope distributions lead to nonperiodic average contact slopes, which do not produce stick-slip vibrations unless the nonstationarity of the distribution, or the deviation from the nominal, is small. The implication here is that surfaces that have a stationary distribution of asperity slopes ͑rough-ness͒, as may be the case for machined surfaces, have a higher propensity to exhibit stick-slip than surfaces that have nonstationary roughnesses.
The friction force expression developed in this paper may be expanded to include other processes that contribute to friction to the extent that they can also be expressed in terms of contact areas.
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